A simple analytical model is found that predicts the exact proton spectrum needed to obtain a spread-out-Bragg peak ͑SOBP͒ distribution for laser-accelerated proton beams. The theory is based on the solution to the Boltzmann kinetic equation for the proton distribution function. The resulting analytical expression allows one to calculate the SOBP proton energy spectra for the different beamlet sizes and modulation depths that can be readily implemented in the calculation of energy and intensity modulated proton dose distributions. Since the practical implementation of energy modulation for proton beams is realized through the discrete superposition of individual Bragg peaks, it is shown that there exists an optimal relationship between the energy sampling size and the width of the initial proton energy distribution.
I. INTRODUCTION
In recent years there have been a number of theoretical as well as experimental investigations dedicated to the problem of proton and other light ion acceleration using ultra-high intensity laser pulses. [1] [2] [3] [4] [5] The underlying physical processes responsible for particle acceleration are generally well understood. Interaction of the laser pulse with the solid density target initially leads to its almost instantaneous ionization on the time scale of proton acceleration. Subsequent interaction of the pulse with preformed layers of plasmas leads to the creation of extremely high-magnitude, quasi-stationary longitudinal electric fields arising as a result of electron expulsion from the target. The thin layer of protons or other light ions ͑which are initially deposited on the back surface of the target in the form of chemical compounds͒ are accelerated in this field to high kinetic energies. The most recent experimental results reported protons with energies reaching 60 MeV, 6 which is still well below the energy requirements needed for the majority of radiation therapy applications. As was found in our earlier investigation 7 and confirmed by theoretical/computer simulation studies by other authors, 2, 8 it should be possible to accelerate protons to energies of 200 MeV and higher with laser parameters that are within the reach of present day technology. This opens up the possibility for using this novel acceleration technique in radiotherapy. Clear advantages of the new technology over conventional ion accelerators are in the compactness of laser systems, easy beam steering mechanisms ͑laser beam steering is done by mirrors͒ allowing for a very flexible beam delivery method, and, last but not least, its cost effectiveness. In order to fully exploit the potential advantages of the laseraccelerated ion beams it is necessary to perform accurate and time-effective three-dimensional treatment planning and optimization using the physical characteristics of the accelerated particles.
Unlike conventional treatment optimization using photons, the optimization procedure involving protons or other ion beams requires an extra step to ensure the delivery of a constant dose throughout the depth extent of the tumor volume while at the same time minimizing the dose deposited behind the distal edge of the target. This dosimetric superiority of ion beams, stems from the well-known Bragg peak effect, which is ultimately explained through the extremely small angular scattering of heavy ions ͑because of their large masses͒ so that in any given small volume of the medium the ion energy spectrum is sharply peaked around its average. To achieve a SOBP dose distribution one needs to properly reshape the energy spectrum of protons from whatever initial distribution they have leaving the accelerator. Thus the optimization method for ions includes the energy spectra calculation to give a SOBP dose distribution for each individual beamlet used in planning plus a reliable three-dimensional dose calculation algorithm. The two procedures mentioned above can also be supplemented by the inverse-planning optimization algorithm in the case of intensity-modulated radiation treatments.
In the present work we are not concerned with the topic of inverse treatment planning for protons. Conceptually, there is not much difference between IMRT planning for photons versus protons ͑excluding the relatively new topic of optimizations based on the radiobiological effects for protons and other ion beams͒. Inverse planning in both cases relies on modifying particle fluence for each individual beamlet based on the requirements of the plan. Additionally, we are not investigating the development of a new 3D dose calculation algorithm for charged particles. In recent years there have been a number of such algorithms proposed, most of which are the pencil beam type. [9] [10] [11] A pencil beam algorithm comprises a three-dimensional dose distribution of narrow "pencils" ͑Bragg curves taken from measurements or numerically calculated͒ whose weights are obtained from the intensity of the beam. This algorithm requires access to the data where the depth-dose curves are stored, resulting in a reduced calculation speed owing to time spent on accessing the data. In this respect the works published by Bortfeld, 12, 13 in which analytical representation of the Bragg dose curves was found, constitute an important improvement to the dose calculation methodology. It should be noted here that in Ref. 13 the authors, among other things, have also found a simplified form of the proton energy spectrum that would yield an SOBP dose distribution; however, due to the limitation of their model, the obtained spectrum would not lead to a constant depth dose profile if one were to perform MC simulations or experiments using the provided spectra.
The main objective of this work is to find a simple but realistic analytical method for calculation of the proton energy spectra needed in the energy optimization portion of the treatment planning system. The method is based on the solution to the Boltzmann kinetic equation 15 for the distribution function of protons traversing the medium. The advantage of this method is twofold: it provides the ability to obtain an analytical expression for the proton energy spectrum needed for the SOBP dose distribution in the desired spatial extent. Additionally, it allows one to find the proton energy distribution at any spatial position in the medium, making it possible to apply the herein presented results to calculate the relative biological effectiveness ͑RBE͒ of proton beams 14 without resorting to time-consuming analog or interactionby-interaction Monte Carlo simulations. This in turn should greatly facilitate the implementation of intensity-modulated proton beam therapy, which would include the contribution of the three-dimensional RBE distributions. 16 It is also shown that because of the presence of singularity in the continuous SOBP spectra, the energy sampling size of the discrete Bragg peaks is limited by the amount of energy spread in the elementary proton beams coming out of the accelerating device. This is especially relevant for laser-accelerated proton beams since the energy spectrum of protons coming out of an earlier proposed particle selection system 17 resembles a Gaussian distribution with an energy width that depends on their characteristic energy.
II. KINETIC DESCRIPTION OF THE PROTON DYNAMICS
A. Spatial and energy distribution function of protons traversing the medium As protons traverse the medium they undergo several types of interactions that are governed either by their electromagnetic or nuclear properties. Since protons possess charge, their electromagnetic interactions are determined by the Coulomb interactions with the medium. As with electrons, the two main electromagnetic interactions are elastic scattering, in which no-energy exchange between the protons and the medium occurs, and inelastic processes, in which the incoming particles lose their kinetic energy to atomic excitations and ionizations of the medium ͑secondary electrons are created͒. However, because of its large mass compared to that of an electron, the proton angular scattering is minimal, a fact that we will employ in our analytical calculations. The nuclear interaction of protons can also be divided into elastic and inelastic channels. In the elastic process, the incident proton can be scattered at a large angle with the recoil atom carrying away part of the initial proton momentum and energy. Inelastic nuclear interactions of protons with hydrogen and oxygen atoms lead to the creation of many secondary fragments ͑neutrons, deuterons, tritons, 3 He, ␣-particles͒ with simultaneous angular scattering of the incident proton at large angles. Due to the formidable complexity of these processes, the analytical description of their contribution to the proton transport theory seems unlikely and has not been included in our analytical calculations. Nonetheless, to remedy this shortcoming the contribution of nuclear interactions in the energy-modulation calculations was added by slightly adjusting the analytically calculated SOBP proton energy spectra to comply with the results obtained with the Fluka Monte Carlo simulation package. 18 The starting point in our calculations is to consider a broad proton beam incident on a homogeneous medium. The proton energy spectrum leaving the accelerator should be such that the resultant dose distribution is constant along a certain depth range inside the medium ͑depth extension is determined by the size of the target͒. The main task is to find this initial proton energy spectrum. The distribution function of protons traversing the medium satisfy the well-known Boltzmann kinetic equation, 15 ‫ץ‬ f͑t,r,v͒
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where f͑t , r , v͒ is the proton distribution function at time t, spatial position r, and velocity v; F is the force acting on a proton; and ͑‫ץ‬f͑t , r , v͒ / ‫ץ‬t͒ c is the collision integral, which describes the collision process between the protons and the particles of the medium. It is interesting to note that the Monte Carlo calculation is an effective numerical tool that solves Eq. ͑1͒ for the unknown distribution function and its moments, like the absorbed dose. In general, Eq. ͑1͒ is a multidimensional ͑in both coordinate and velocity space͒, nonlinear integro-differential equation that can be generally solved in closed analytical form for only a very few problems. However, if significant physical simplifications are allowed, the kinetic equation can be solved analytically without resorting to time-consuming Monte Carlo simulations. Transport of protons through the medium is one of the examples where some simplifications are possible allowing for analytical description. First of all, the temporal evolution of the distribution function can be omitted since we are interested in describing the absorbed dose on time scales much longer than the interaction time. Second, the proton nuclear stopping power in water is several orders in magnitude smaller than the electronic stopping power ͑see NIST database for proton stopping powers͒ for proton energies larger than 0.02 MeV. Therefore, as a first approximation, the contribution of nuclear interactions can be neglected in the kinetic equation ͑1͒. Third, since protons are much heavier than electrons, their Coulomb scattering is minimal, allowing for the reduction of spatial and velocity coordinates to a single projection along the beam propagation direction. Us-ing the arguments presented above, Eq. ͑1͒ is greatly simplified and in the continuous slowing down approximation ͑CSDA͒ takes on the following form,
where F is the force acting on protons as a result of their interaction with electrons of the medium, v and E are the protons velocity along the propagation direction and their kinetic energy, and ͑E͒ is the collision frequency. In the CSDA the force acting on protons is the linear collisional stopping power S col =−dE / dx and the collision frequency is ͑E͒ = vdS col / dE. Substituting the expression for the collision frequency into Eq. ͑2͒, one arrives at the following simplified form of the kinetic equation for the distribution function of protons traversing the medium,
where n e is the electron density,
, and the linear collision stopping power for protons is given through the known Bethe-Bloch expression. 19 It should be noted here that we have neglected the shell and density correction terms in the stopping power expression, since their influence on the proton dynamics in water is minimal. Equation ͑3͒ is a linear inhomogeneous partial differential equation that can be solved using the method of characteristics to give
where f 0 ͑E 0 ͒ is the initial proton energy spectrum. Equation ͑4͒ determines the proton energy distribution function at any spatial position x inside the medium. The solution of the second part of Eq. ͑3͒ determines the energy degradation law ͑how proton energy changes with depth if initially it had a value E 0 ͒. For proton energies up to 300 MeV the exact solution of the second equation in ͑3͒ can be approximated by the following power relation,
where =15n e / ͑m e c 2 ͒e 4 / ͑4 0 2 m p c 2 ͒ and its numerical value for liquid water is Ϸ 0.002 718 cm −1 . Figure 1 shows a comparison between the exact numerical solution to the energy degradation law ͓second equation in ͑3͔͒ and its power-law approximation, given by ͑5͒. As one can see, there is excellent agreement between both curves. Approximation ͑5͒ also provides excellent agreement between proton ranges in water and the range-energy table published by the ICRU. 20 Substituting Eq. ͑5͒ into ͑4͒, one obtains the proton energy distribution function at any depth,
.
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At this point we would like to elaborate on the nature of expression ͑6͒, specifically whether this solution to the kinetic equation properly describes the energy straggling effect. Because of the CSD approximation used in our calculations, one might think that if protons initially started with quasi-monoenergetic spectrum and are forced to lose the same amount of energy in each inelastic interaction event, then at any given depth the energy spectrum will remain the same and no energy straggling would be accounted for in this model. This line of reasoning, however, is not entirely correct. Even though our model treats the combined effect of the inelastic collisions as a deterministic force acting on the protons, one cannot forget that the stopping power is a function of the proton energy itself. Subsequently, if the protons begin with quasi-monoenergetic spectrum, then different particles from this initially "narrow" spectrum will be forced to lose different amounts of energy, leading to the gradual mixing of particles in the energy space as they propagate through the medium, thus widening the initial energy distribution. The spreading of the quasi-monoenergetic spectrum is the energy straggling effect obtained by using the CSD approximation.
The only limitation of this method lies in the fact that the effect of "hard" collisions ͑whose contribution is also accounted for in the expression for the stopping power͒, in which a significant amount of energy is lost by the proton, is still treated as a continuous force, rather than a random event ͑as it is treated in class II condensed history Monte Carlo simulations͒. One of the ramifications of this assumption lies in the fact that if the initial proton energy spectrum is strictly monoenergetic ͑represented through the Dirac's delta function͒, then it will stay monoenergetic according to Eq. ͑6͒. Therefore, it is important to realize that for the method employed in this work the initial proton energy spectrum cannot be strictly monoenergetic, but has to have a certain minute spread in it ͑mathematically speaking one has to use a Gaussian representation for the Dirac's delta function͒. At the same time, a strictly monoenergetic energy distribution is more an idealization than a reality, thus the method presented here should provide proton energy spectra that are very close to those measured in experiments or calculated using the MC technique ͑within assumptions made͒. Nonetheless, in order to quantify how much "error" is introduced by incorporating the hard collisions into the CSD paradigm, we have compared theoretically calculated proton energy distributions with those obtained from the MC simulations. Figures 2͑a͒  and 2͑b͒ show how the energy spectrum of an initially quasimonoenergetic proton beam changes with depth. As one can see, the energy spectrum becomes wider and acquires a nonGaussian tail weighted toward lower proton energies. One can also see that the theoretically calculated energy distributions at different depths are very close to those obtained from the MC simulations, validating earlier made assumptions concerning the use of the CSD approximation.
Once the initial proton energy spectrum is known/ measured, the energy distribution at any depth position is determined from Eq. ͑6͒. The SOBP dose distribution corresponds to the proton energy spectrum ͑unknown up to this point͒ that has a specific shape, which has to be determined prior to patient irradiation. In conventional proton therapy, the energy modulation is achieved through the utilization of range modulators that are manufactured specifically for each individual patient, based on the depth extension of the target. 21 This requires maintenance of a database of depthdose curves for many individual mono-energetic proton beams. Weighted superposition of the depth-dose curves that yield a constant dose distribution along target's depth dimension gives information on how to design the range modulators. The analytical method proposed in this work would eliminate the need for the maintenance of such a database and be specifically important for the recently implemented beamlet-based 3D spot scanning technique. In this technique, a target is "painted" with dose using small beamlets of protons that are energy modulated individually to deliver a constant dose throughout the depth range of the target.
B. Calculation of SOBP distribution function
In the CSDA approximation, dose ͑per incident particle fluence͒ absorbed at a given location in a medium can be obtained by integrating the mass collision stopping power over the local proton energy spectrum to give, 
where H͑x͒ is the unit-step function. The numerical solution of Eq. ͑9͒ has the following form,
where Ẽ min = x 1 1/1.715 and Ẽ max = x 2 1/1.715 . It should be noted that Eq. ͑10͒ is the continuous energy distribution that presents a certain mathematical idealization. Any practical implementation of the SOBP distribution is realized through the superposition of a discrete number of individual Bragg peaks. The weights for each individual Bragg peak can be readily calculated by integrating the continuous energy spectrum ͑10͒ over the finite sampling size ␦, 
where = 0.43. Figure 3 shows the SOBP depth-dose distribution calculated using the Fluka Monte Carlo user code for a parallel beam of protons with a 4 ϫ 4 cm 2 field size and the energy spectrum given by the above equation for the case ␦ = 2 MeV, E min = 110 MeV, E max = 200 MeV. As one can see, the discrete energy spectrum ͑11͒ indeed yields a flat depthdose profile, confirming the analytically developed theory. However, we have to emphasize that calculations presented thus far have neglected the collisional scattering processes due to both electromagnetic and nuclear interactions, as well as inelastic nuclear collisions. Therefore, the solid line in Fig. 3 was obtained from the Fluka Monte-Carlo simulations under the condition that inelastic nuclear and angular scattering processes have been turned off during the simulations. When all pertinent particle interactions are present, the energy spectrum ͑11͒ gives the dose distribution that somewhat deviates from that corresponding to a flat dose profile, as can be seen from the dashed line of Fig. 3 . A slight modification in the exponential factor of Eq. ͑11͒ to the form = ͩ 0.43 − 0.05
yields a constant dose profile in a case when all pertinent proton interactions with medium are included, as can be seen in Fig. 4 . E P is one of the free parameters ͑E P = 240 MeV͒ introduced in the fitting procedure. It should be noted here that expression ͑11͒ can also be used to calculate the SOBP dose distribution in heterogeneous materials as long as the penetration depth along the given beam direction is converted to that which is water equivalent ͑scaled by the linear stopping power ratio of the given material to water͒. As an example, using Fluka MC simulations we have calculated a SOBP distribution for protons traversing a water phantom into which a 2 cm thick bone slab ͑mass density = 1.85 g / cm 3 ͒ was introduced. Figure 5 shows the energy deposited in a phantom for three cases with different mass densities of slab material. The solid line corresponds to the "real" bone slab with mass density 1.85 g / cm 3 , the dashed line corresponds to the bone slab with unit mass density 1 g/cm 3 , and the dotted line corresponds to homogeneous water phantom. Theoretically calculated linear stopping FIG. 3 . SOBP depth dose distributions calculated using Fluka MC code for a parallel beam of protons with 4 ϫ 4 cm 2 field size. The solid line represents the dose distribution calculated using the energy spectrum given by Eq. ͑11͒ under the condition that inelastic nuclear and angular scattering processes have been turned off during the simulation. The dashed line represents the dose distribution calculated using the energy spectrum given by Eq. ͑11͒ but for the case when all pertinent interactions for protons are present. E min = 110 MeV, E max = 200 MeV. 2 field size. The solid line represents the energy deposited in a phantom for the case when a 2 cm thick bone slab with mass density = 1.85 g / cm 3 is introduced into the water phantom. The dashed line corresponds to the case when a 2 cm bone slab of unit mass density is introduced into the water phantom. The dotted line corresponds to homogeneous water phantom. The average value for the parameter ͗Z / A͘ for bone in this simulation is 0.521 88.
power ratio shows that 2 cm of "real" bone is equivalent to 3.4 cm of water and the whole SOBP curve will be shifted by 1.4 cm. This is exactly the shift that we have obtained from the Fluka MC simulations. It is worth noticing that there is also a slight shift ͑1.8 mm͒ between SOBP curves for cases where the slab is composed of the bone material with unit mass density on one hand and a homogeneous water phantom on the other. This shift originates from different values for the average ͗Z / A͘ for the bone ͑0.521 88͒ and water ͑0.555͒ as well as different values of the materialdependent term known as the mean excitation energy I 0 ͑I water = 75 eV and I bone = 91.9 eV͒ present under the logarithm sign in the linear stopping power expression ͑3͒.
It should also be noted that for targets with small planar cross section ͑ϳ1 ϫ 1 cm 2 field size͒, the exponential factor ͑12͒ should be replaced by the one given below, = ͩ 0.43 − 0.05
͑13͒
This is the reflection of the small field-size dependence of the proton dose distribution originating from the lateral scattering of the secondary electrons. As a proton field size increases above 4 ϫ 4 cm 2 , the exponential factor ͑12͒ should provide an excellent SOBP dose distribution that can be used in the energy modulation portion of the proton treatment planning system for the case when the proton accelerator produces a divergent mono-energetic beam line. In reality, however, any particle accelerator produces beams with certain initial energy distribution. Therefore, the results presented in this section have to be extended to include the presence of a finite energy spread.
C. The proton energy spectrum width versus the energy sampling size
When the initial proton energy spectrum is not monoenergetic, as is the case for any conventional particle accelerator as well as for protons accelerated by high-power lasers and selected using the earlier proposed particle spectrometer, 17 the weight distributions ͑11͒ have to be modified to account for the energy spread. The problem at hand is connected to finding "realistic" weights that would yield the required SOBP depth-dose profile through the superposition of the poly-energetic proton beamlets. Mathematically, the "realistic" weights can be found using the following identity,
where ␦͑x͒ is the Dirac delta function, which can be approximated by the following expression,
Substituting the last expression into identity ͑14͒ and replacing integration with summation, one obtains
where ⌬ is the spread in the Gaussian proton energy distribution. The meaning of this equation lies in a fact that its convolution with the Gaussian distributions must yield an energy spectrum, which closely follows that given by Eq. ͑11͒ ͓with an exponential factor given by expression ͑12͔͒. Any significant deviation of the resulting spectrum from Eq. ͑11͒ will lead to a compromised SOBP dose distribution. As a result, the ratio parameter ␦ / ⌬ cannot be arbitrary. In fact, larger values of this parameter lead to better resulting weight distribution ͑for not too large a value for the energy sampling interval ␦͒. This correlation is related to the possibility of representing a given curve ͑proton energy distribution͒ as a convolution between the weights given by Eq. ͑15͒ and Gaussian distributions of finite width ⌬. Depending on the slope of the spectrum, different widths of Gaussians should be used in order to resolve it. Since the continuous energy spectrum ͑10͒ is divergent at E = E max , smaller values of the energy sampling interval ␦ will lead to steeper functional dependencies, which can only be resolved with narrower Gaussian distributions. Figures 6 and 7 show the resulting proton energy spectra for two cases; ␦ 1 = 5 MeV, ⌬ = 5 MeV and ␦ 2 = 10 MeV, ⌬ = 5 MeV. As one can see, for the given initial energy spread in a proton beam, the slope of the curve is much better resolved with a sampling size of ␦ = 10 MeV. Since the weights given by Eq. ͑15͒ are directly connected to the actual physical energy modulation process, there is a threshold requirement on how fine the energy sampling procedure should be ͑for instance, it is controlled by the physical design of the range modulator in conventional proton facilities that use passive scattering technique͒ for the given energy width ⌬ in the initial proton energy distribution, in order to obtain acceptable quality SOBP dose distributions. The threshold value for the parameter ␦ / ⌬ is found to be equal to 1.7, meaning that any value of this parameter, which is larger or equal to this threshold, will result in a "high-quality" ͑flat͒ SOBP dose distribution. If the ratio parameter ␦ / ⌬ is below the threshold, the resulting energy spectrum will yield a nonflat depth-dose distribution, compromising the final dose homogeneity in a target.
III. DISCUSSION AND CONCLUSION
An energy spectrum of protons that yields the SOBP depth-dose distribution in a homogeneous medium is found from an analytical solution of the Boltzmann kinetic equation under the continuous slowing down approximation, neglecting nuclear and elastic scattering collisions. To remedy this shortcoming of the theory, the resulting expression was modified using a numerical fitting procedure to account for the contribution of missing interactions to the proton transport in the medium. Because of the statistical nature of the Boltzmann kinetic equation, its solution automatically accounts for the energy straggling effects in the final proton distribution, so that there is no need to perform averaging of the calculated energy spectrum over the Gaussian depth straggling distribution as was done in Ref. 12 . In a case where the initial proton energy spectrum is not monoenergetic ͑the majority of current proton accelerators as well as an earlier suggested prototype for laser-accelerated particles that produce protons with a finite energy width͒, the calculated SOBP energy distribution was also modified to account for the presence of the energy spread. As a result the relative magnitude of the two parameters, which are the energy sampling size ␦ and the initial proton energy spectrum width ⌬, will determine the quality of the resulting SOBP dose distribution. It has been shown that if the ratio ␦ / ⌬ is greater than 1.7, a "high-quality" SOBP distribution will be generated by the given proton system.
The potential application of the analytical representation of the SOBP energy distribution is primarily seen in clinical treatment planning programs. The closed, analytical form of the SOBP energy spectrum found in this work can potentially eliminate the energy-modulation calculation portion in the treatment planning system. Currently, the energy modulation is done through a time-consuming procedure, which requires accessing and manipulation of a precompiled data file that stores the information about the spatial distribution of individual Bragg peaks for all possible therapeutic energies of accelerated particles. Instead of performing these tedious calculations, this portion of the treatment planning can be readily accomplished by directly using Eq. ͑12͒, which would greatly speed up the optimization module of the TPS. Furthermore, the model can also be useful in the implementation of radio-biologically based treatment optimization calculations for protons and other heavy ions. Knowledge of the proton energy spectrum at any spatial position can yield a 3D RBE distribution, provided that the model linking the RBE and the LET is found. 14 Finally, our results can be readily generalized to other heavy ions, remembering that the electromagnetic portion of the linear stopping power for heavy ions differs from that for protons only by their mass. In addition, the contribution of nuclear interactions to the stopping power of heavy ions also differs from that for protons, rendering the SOBP energy spectrum for protons inapplicable in the calculations involving ions. However, a simple fitting procedure ͑like the one employed in the current investigation͒ using the Fluka MC simulation code can furnish the unknown exponential factor for the given ion species.
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